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Foreword

The material in this refresher course has been designed to enable you
to cope better with your university mathematics programme. When
your programme starts you will find that the ability to differentiate and
integrate confidently will be invaluable. We think that this is so impor-
tant that we are making this course available for you to work through
either before you come to university, or during the early stages of your
programme.

Preliminary work

You are advised to work through the companion booklet An Algebra
Refresher before embarking upon this calculus revision course.

How to use this booklet

You are advised to work through each section in this booklet in or-
der. You may need to revise some topics by looking at an AS-level or
A-level textbook which contains information about differentiation and
Integration.

You should attempt a range of questions from each section, and check
your answers with those at the back of the booklet. The more questions
that you attempt, the more familiar you will become with these vital
topics. We have left sufficient space in the booklet so that you can do
any necessary working within it. So, treat this as a work-book.

If you get questions wrong you should revise the material and try again
until you are getting the majority of questions correct.

If you cannot sort out your difficulties, do not worry about this. Your
university will make provision to help you with your problems. This may
take the form of special revision lectures, self-study revision material or
a drop-in mathematics support centre.

Level

This material has been prepared for students who have completed an
A-level course in mathematics
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Reminders

Use this page to note topics and questions which you found difficult.

Seek help with these from your tutor or from other university support services as
soon as possible.
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Tables

The following tables of common derivatives and integrals are provided for revision
purposes. |t will be a great advantage to know these derivatives and integrals because
they are required so frequently in mathematics courses.

Table of derivatives

f(z) f(z)
" nz" !

1
Inkx —

T
ekx kekx
a® a*lna
sin kx k cos kx
coskx —ksinkx
tan kx ksec? kx

Table of integrals

e [ f@)dz
xn—i—l
" —1
S - R
== In|z| + ¢
x
ekx
ek (k#0) - + c
k
sinkz (k#0) _cosk ’ c
ink
coskx (k#0) smk Ty
tan k
sec’ kx  (k #0) al;{; SR
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1. Derivatives of basic functions

Try to find all the derivatives in this section without referring to a table of derivatives.
The derivatives of these functions occur so frequently that you should try to memorise
the appropriate rules. If you are really stuck, consult the table on page 4.

1. Differentiate each of the following with respect to .

@z (b)a® (c)6 (d) vz (e) z7t (f) 2%/7

@5 Wa® O 6z (9P () 55

2. Differentiate each of the following with respect to 6.

(a) cosf (b) cos46 (c) siné (d) sin2—39 (e) tanf (f) tan 70

(g) sin(—86) (h) tan% (i) cos3m0 (j) cos <—%9> (k) sin 0.76
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3. Find the following derivatives.

@) O ) ©FET @ )

(@) L) (1) L) () (3

4. Find the following derivatives.

@ Lna) () dd (m52) (o) %(mQ—x)

dx dz
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2. Linearity in differentiation

The linearity rules enable us to differentiate sums and differences of functions, and
constant multiples of functions. Specifically

d d d d d
—(f(2) £ 9(@)) = — (F(@) £ = (g(x)), —(hf (@) = ko (f())
1. Differentiate each of the following with respect to x.
(a) 3x 42 (b) 22 — 2 (c) —cosx —sinx (d) 3273 + 4sin 4z
1
(e) 2e* + e~ 2 (f) — - 4—3Inx (g) 42° — 3tan8x — 2>
2.  Find the following derivatives.
d (.. d 0 d [3e3/°
a2 by — (2 V5 —0/4 a
@) 3 (5 * 8) (b) d8< cosy o © &\ 75
d /2 3z 3 d /1 4,5 1 _42/3)
(4 3 (9tan 2 4605&) (¢) 3 (4Z 3°
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In Questions 3-5 you don't need the product rule, quotient rule or chain rule to
differentiate any of these if you do the algebra first!
3. Expand the powers or roots and hence find the following derivatives.

03 o) of(()) wiee

4. Simplify or expand each of the following expressions, and then differentiate with
respect to x.

e @) (20
@ (= -1DE-) ()2 ;i:x

5. Use the laws of logarithms to find the following derivatives.

bber) wEe(E) 0i0(E) ke
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3. Higher derivatives

1. Find the following second derivatives.

@) ) (6) L (cos) (@ e )

(d) = @ RECRREY) ()dd—;(l—sx—gg;) (f) —(1n2t—\/6_)

( & (s L (h d” i (i) & ( 2t — 11 4t>
g) @<x _W) )—(e +e ¥ +sinx + cosx) o) sin e
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4. The product rule for differentiation

The rule for differentiating the product of two functions f(z) and g(x) is

L (F@)gle) = F@)o(e) + F@)g' ).

1. Differentiate each of the following with respect to x.

(a) z sinx (b) 23 cos 2z (c) o~ 1/3e 32

(d) o Indx (e) (x*> —x)sinbz  (f) % (tan% — cos %)

2.  Find the following derivatives.

d d d d x
— (q] (i (s el —x/2 -~
(a) de(sm@ cosf) (b) dt(sm 2t tan5t)  (c) dz(smz Indz) (d) e (e Cos 2)

d

(e) 5(66”” In6z) () i(cos@cos 30)  (9) %(lnt In 2t)

dé
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5. The quotient rule for differentiation

The rule for differentiating the quotient of two functions f(x) and g(x) is

a4 (f (@) _ ['(@)g(x) - [(z)g'(x)
dz \ g(2) (9(x))? '

1. Differentiate each of the following with respect to .

T xt 2—x 3% — 223 1+ &
(a)l—x2 (b)l—:c (C)1—|—2:c (d) 223+ 3 (€) Vo —x
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2.  Find the following derivatives.

i) OE(E) ©blas) i) 0

3. Find the following derivatives.

d /sin 2t d [e 2 d Inz d [In3x
(a dt (Sin 5t> (b dz (tanx) (c) dz (Cos?)x) (d) dz <1n4x>
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6. The chain rule for differentiation

The chain rule is used to differentiate a “function of a function™:

L (flgla)) = Flo() (@)

1. Differentiate each of the following with respect to .

1
(1-20)

(e) (Jf‘é)_l/g (F) (202 =32 +5)  (9) /o -2V (“Nﬁ

(a) (4 + 32)? (b) (1 — a4)? (c) (d) VIt 22
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2.  Find the following derivatives. (Remember the notation for powers of trigono-
metric functions: “sin?2” means (sinx)?, etc.)

(a) %(sin2 0) (b) %(sin@Q) (c) %(sin(sin 0)) (d) dix(tan(?) — 4x))

(e) di(cos5 5 (F) & (L) (9) %(sin(Q—t—?)tz))

z dz \cos3z

3. Find the following derivatives. (The notation “exp " is used rather than " e* "
where it is clearer.)

@) 5 (xp(=5%) () f (expleos3n))  (0) . (cos(e™) () L (in(sin4))
(e) dix(sin(ln 4z))  (f) dd—x(ln(ex —e ) (9) % (\/ e3t — 3 cos 3t)
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7. Differentiation of functions defined implicitly

1. Find % in terms of y when = and y are related by the following equations. You

will need the formula $¥ = 1/42,
T dy

@)z=y—1y° (b)x:y2+$ (A)x=e¢"+e* (d)z=In(y—eY)

2. Find j—g in terms of x and/or y when x and y are related by the following
equations.
(a) cos2x = tany (b) x +y? =y — 2? (c) y —siny = cos x

(d)e*—xz=e¥+2y (e)x+e'=Inx+ny (f)y=(z—y)?
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8. Differentiation of functions defined parametrically

If  and y are both functions of a parameter ¢, then

dy dy | dz

de dt ~ dt
1. Find j—g in terms of ¢ when x and y are related by the following pairs of parametric
equations.

1
(a) x =sint, 1y = cost (b)x:t—;, y=1—1¢
(c)z=e+t, y=e+t* (dz=Int+t, y=t—Int

2. Find j—ﬂyﬁ in terms of ¢t when x and y are related by the following pairs of parametric
equations.

(a) x =3t +13, y =22+t (b) x = cos2t, y=tan2t
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0. Miscellaneous differentiation exercises

1. Find the following derivatives, each of which requires one of the techniques cov-

ered in previous sections. You have to decide which technique is required for each
derivative!

(a) %(wg tan 4x) (b) %(tan3 4t) (c) % (exp(3tandz)) (d) % <ta§1949>
d . d (y*+y* d . 5 d 1

© flewta-e) 04 (25) @ e m (1)

() L (52 0 gy @ 3 ((155))

2. Find the following derivatives, which require both the product and quotient rules.

(a i( T COST ) (b)i( e? ) (c)i sin 36 cos 20
dz \1 —coszx dz \zlnz do tan 46
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3.  Find the following derivatives, which require the chain rule as well as either the
product rule or the quotient rule.

_ 2\ 32
(@) < (e~ e + 1) (b) 5(sin’ 36 cos' 30) © %mm) )
(A) S(exp(@cost)) (@) < ((rhn)) 0 g (o (573))

d 1
(9) d_y <7y2 =1 1)

4. Find the following derivatives, which require use of the chain rule more than once.

@ G =) 0 g fow((a-a) @ 5 (1 tng))

www.mathcentre.ac.uk 18 © mathcentre 2003



5.  Find the following second derivatives.

@ $a VTR 0) gae0t) @ gan’s) @ 5 ()

1 1 coszT ..
6. Remembering that cosecz = ——, secx = and cotz = ——, find the
_ o sinx Cos T sin z
following derivatives.
d d 9 d
(a) —(cosec2x) (b) —(sec” ) (c) —(V1+cotz)
dx do dz

(d) %(Cosec 20cot®0)  (e) di(ln(secx+tanx)) (f) %(tam(sec 0))

Xz
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10. Integrals of basic functions

Try to find all the integrals in this section without referring to a table of integrals.
The integrals of these functions occur so frequently that you should try to memorise
the appropriate rules. If you are really stuck, consult the Tables on page 4.

1. Integrate each of the following with respect to .

@a' (D)2’ (92 (@2 (Ve (A (9 Ve

My 0 O W O M @
2. Integrate each of the following with respect to .

(a) cosbx (b) sin 2z (c) sin s (d) cosg (e) % (f) e**
@™ et OEF () K () cos(-Ta)
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11. Linearity in integration

The linearity rules enable us to integrate sums (and differences) of functions, and
constant multiples of functions. Specifically

JU@ £ g@)de = [f@)det [g@de, [k f@de =k [ @)

1. Integrate each of the following with respect to z.

1
(a) 72* (b) —4z"  (c) 22+ Y3 (d) 17212 () Vv — 7 (f) 2° + —
x
1 1 . L 11 2
(9) =3 + = (h) =3 (i) 11 () 53 (k) 22 — - (1) 7z — 11
2. Integrate each of the following with respect to z.
(a) 3x + cosdx (b) 4 + sin 3z (c) % + sing (d) 4e” 4+ cos%
—2z 2x . . 1 4
(e)e ™ +e (f) 3sin2x + 2sin3x  (g) . k constant (h) —1 — —
x x
1
(i) 14z + 22 () Fy 7 (k) % cos sz () $2% — 3a=1/2
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3. Simplify each of the following expressions first and then integrate them with
respect to x.

3 + 222

(a) 6x(z +1) (b) (z 4+ 1)(x —2) (c) T (d) (Vo +2)(Vr —3)

(e) % (e® — %) (f) € e_me (9) 3’51‘4 (h) x —;ixz—FQ
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12. Evaluating definite integrals
1. Evaluate each of the following definite integrals.

@ [ ' 7atda (b) /_32 i () [ (@ 2z (d) / 2117t1/3dt
(e) /13(25+853)ds (f) A5 %dx (9) /0.3(t2+2t)dt (h) /Oﬂ/4COS2ZEdZE

(i) /01/2639”dx () /:\/16_mdx (k) /()W/4(2)\+sin/\)d)\ () /(;1(e$+e_$)dx

2. For the function f(z) =z 4+ 3z — 2 verify that

[ r@ae+ [ e = [

1 1
3. For the function f(z) = 42 — 7x verify that / fz)de = —/ f(x)dz.
-1 1

www.mathcentre.ac.uk 23 (© mathcentre 2003



13. Integration by parts

Integration by parts is a technique which can often be used to integrate products of
functions. If u and v are both functions of x then

dx = uv — / v— dz
When dealing with definite integrals the relevant forrnula IS

/ u—dx— [uv]® — v dz

1. Integrate each of the followmg with respect to x.

(a) xe” (b) 5z cosx  (c) xzsinx  (d) zcos2x (e) xlnx (f) 2z sing

2. Evaluate the following definite integrals.

/2 2 1 3
(a)/ xcosxdx (b)/ 4dre*dx (C)/ Ste 't (d)/ xInzdx
0 1 -1 1

3. In the following exercises it may be necessary to apply the integration by parts
formula more than once. Integrate each of the following with respect to z.

(a) z%e” (b) 52% cos x (c) z(Inz)? (d) z°e™® (e) a* sing
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4. Evaluate the following definite integrals.

/2 1 1
(a) / z% cosz dx (b) / Tr%e"dx (c) / t2e 2t
0 0 -1

5. By writing In z aslxlnxfind/lnxdx.

. Int . .
6. Let [ stand for the integral /HT dt. Using integration by parts show that

I=(nt)* -1 ( plus a constant of integration )
Hence deduce that I = 1(In¢)? + c.

7. Let I stand for the integral /et sintdt. Using integration by parts twice show
that
I =c¢'sint —e'cost — I ( plus a constant of integration )
e'(sint — cost)

Hence deduce that /et sintdt = 5 +c
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14. Integration by substitution

1. Find each of the following integrals using the given substitution.
(a) /cos(x —3)dz, u=z-3 (b) / sin(2x +4)dz, w=2zr+14
(c) / cos(wt + d)dt, u=wt+oé (d) / Ty, w=9z 7

(e) /x(3:c2 +8)3%dx, u=32*+8 (f) /:U\/de, u=4r —3

1 1
- dr u=z-2 h /7dt, — 3¢
(9)/(@»—2)495 w=a ™ | 5= u=3
(i) /xe’xde, u = —z? () /sinx cos’vdr, u=cosx
t T
(k)/ dt, u=1+1¢ (I)/ dz, uw=2zx+1
/1+t2 2.T+1
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2. Find each of the following integrals using the given substitution.

(a)/ xx_gdx, z=+x—3 (b) /(:E—5)4(x+3)2dx, u=2x-—>5

3. Evaluate each of the following definite integrals using the given substitution.

(a) /07r/4 cos(x —m)de, z=z—m (b) /89(20 —8)’(xz+ 1)z, u=2z-38

3
(c) / tvt —2dt, by letting u =1t — 2, and also by letting u = v/t — 2
2

) 7 /4
d tt?2+5)3dt, u=t2+5 e tanz sec? xdr, wu=tanx
(d) [
1 0
™ sin /1 2 eVt
f/ de.  u— /—dt, — Vi
0 [, S, u=ya @) [ St u=vi
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4. By means of the substitution v = 42% — 7z + 2 show that

Sz —
/42x7 +2dlen|4:102—7x+2|Jrc
2 —Tx

5. The result of the previous exercise is a particular case of a more general rule
with which you should become familiar: when the integrand takes the form

derivative of denominator

denominator
the integral is the logarithm of the denominator. Use this rule to find the following
integrals, checking each example by making an appropriate substitution.

(a)/xildx (b)/xi?)dx (C)/?)x?:réldx (d) 2x2+1dx

6. Use the technique of Question 5 together with a linearity rule to find the following

: _ x
integrals. For example, to find - dx we note that the numerator can be made

562 _
equal to the derivative of the denominator as follows:
2 1
/x2 2/ - dr = Sln|2* = 7| +ec.
sin 30 3e%®
b/ ds /
) 1 + cos 360 (c) 1+ 629”

www.mathcentre.ac.uk 28 (© mathcentre 2003



15. Integration using partial fractions

1. By expressing the integrand as the sum of its partial fractions, find the following
integrals.

)/2x+1 b)/?)x—i—l )/ 5x + 6
2+ 2+ :1:2+33:+2
1 9 25 hr — 11
d)/ T dz (e)/de (f)/x— T
1 —2x)(x—2) 224+ 10x+9 224+ 10+ 9
4z 15x + 51 _ ds
d | ot /
(g)/4—x2 . (h) 224+ Tz+10 dz (0) 52 —

2. By expressing the integrand as the sum of its partial fractions, find the following
definite integrals.

2 9 _ 2 0 11
@ [ 52 g oyl T gy © | _rem 1,
x? + 2z o (x+1)(z+2) 122 =3z +2
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3. By expressing the integrand as the sum of its partial fractions, find the following
integrals.

x 4r +6 Tx — 23
—d b /7d /7d
(a)/x2—2x+1 v (b) (x4 1)2 v (c) 22 —6x+9

4. By expressing the integrand as the sum of its partial fractions, find the following
definite integrals.

-+ 8 2¢ + 19 2 Sx
dz / dz /—7d
)/ 22462109 ®) ) Z st © ) " mram1®

o9¢0
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2 X

Ein d/ 212 +6x+5

Flnd/ S5a% +x — 34
(x —2)( (x+4)

2?2 —1lx — 4
Flnd/
2x+1)(x+1)(3 —x)
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8. In this example note that the degree of the numerator is greater than the degree

3

of the denominator. Find / d
@rD@+2)
3
9. Show that 2 +1 can be written in the form
(z+ D + 2
T x
1 n 15 B 9
r+1 (z+2)2 z+2
g 213 + 1
Hence find/ s dzx.
(x +1)(z+2)?

. 423 + 10 4 _ _ . . .
10. Find /:C;Q—de by expressing the integrand in partial fractions.
x

+x
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16. Integration using trigonometrical identities

Trigonometrical identities can often be used to write an integrand in an alternative

form which can then be integrated. Some identities which are particularly useful for
iIntegration are given in the table below.

Table of trigonometric identities

sin A sin B = £ (cos(A — B) — cos(A + B))

cos A cos B = £ (cos(A — B) + cos(A + B))

sin A cos B = 3 (sin(A + B) + sin(4 — B))
sin A cos A = % sin 24

2
COS2

A= 1(14 cos24)
sin® A = 1(1 — cos 24)
sin? A +cos? A =1
tan? A =sec? A — 1

1. In preparation for what follows find each of the following integrals.

(a) /sin?)xdx (b) /cosSxdx (c) /sin?tdt (d) /cos6xdx

2. Use the identity sin® A = 1(1 — cos 24) to find /sin2 xdz.

3. Use the identity sin A cos A = %sin 2A to find /sintcostdt.

www.mathcentre.ac.uk
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4. Find (a) /251n7tcos3tdt (b) /.8cos9xcos4xdx (c) /sintsin?tdt

5. Find /tanztdt.

(Hint: use one of the identities and note that the derivative of tant is sec®t).

6. Find /cos4tdt. (Hint: square an identity for cos? A).

7.  (a) Use the substitution u = cos = to show that

1
C
n+1

/sin:pcos"xdx = — os"tlr + ¢

(b) In this question you are required to find the integral /sin5tdt. Start by writing

the integrand as sin*t¢ sint. Take the identity sin?¢ = 1 — cos®t and square it to
produce an identity for sin®¢. Finally use the result in part (a) to find the required

integral, /sin5tdt.
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17. Miscellaneous integration exercises

To find the integrals in this section you will need to select an appropriate technique
from any of the earlier techniques.

1. Find /'(993— 2)%da.

o
2. Find / dt.
Vi+1

3. Find / A nedt.

4. Find /(5\/%I — 3% 4 2)dt.
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5. Find /(cos3t+3sint)dt.

6. By taking logarithms to base e show that a® can be written as e*ne  Hence find
a” dx where a is a constant.

7. Find / 2e¥ ™t dy.

T

) 2
8. Fmd/(:p+2)(x—2) dz.
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9. Find /tan@secz 0.do.

/2
10. Find / sin® x dx.
0

11. Using the substitution z — sin § find /\/1 2 da.

12. Find /'ex sin 2z dz.
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Find [ 5
ind x—l x+3)d

Flnd/x +2;1: 102 —9
3)(z + 3)

15. Let I, stand for the integral /x"ezxdx. Using integration by parts show that

e n _ _ i .
I, = —5 E[n,l. This result is known as a reduction formula. Use it repeatedly

to find I,, that is / ey,

Find / B/th, by letting ¢ = 2sin 6,

o9¢0
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Answers

Section 1. Derivatives of basic functions

1. (a1l (b) 627 (c) 0 (d) 5%
(€) =72 (f) 72797 (9) —3x (h) 7927

2. (a) —sinf (b) —4sin46 (c) cosf (d) 2cos?
(e) sec? 6 (f) msec® w6 (g) —8cos(—80) = —8cos 80
(h) Lsec?? (i) =37wsin370  (j) gsm( 529) = —3sin?
(k) 0.7 cos0.76

3. (a) e (b) 2¢% (c) —Te ™ (d) —de*/3 (e) 2e*/™  (f) —1de™'* ()
3%In3

4. @5 () (9

Section 2. Linearity in differentiation

[y
Q

N—
w

b) 2 — 2z C) sinx — cosx d) —927* 4 16 cos 4z
e) 2e% — 2e%® f) —% — 2  g) 20z* — 24sec? 8z — 10e>®

xT x

2. (a) t=4/5 447 (b) —Lsin + 3¢9/ (©) ge;;/s (d)

% sec? 37”3 + 6sin 8x

\/% (b) 242 4+ 25 (c) 1e*  (d) —2V/be %
4, (@) -5 +5 (b)3yr—322 (c) -5+ 8 +4z (d) 6 — 5™ + 3¢*
(e) 4etv — 2e%

5. (@2 (-2 (©2-3 (d)3E-

Section 3. Higher derivatives

win

1. (a) 20 (b) =9 cos 3z (c) 4e** — de™ % (d) 0
(e) 5 — 18z (f) —t% + @t*‘g’ﬂ (9) i:fl/Q 15 772 (h) e* + e * —sinx — cosx

2
3
(i) —2sin2t +

o9¢0
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Section 4. The product rule for differentiation

1. (a) sinx 4 x cosx (b) 322 cos 2z — 23 sin 2x
(c) —da="3e™3r — 3g=1/3¢ % (d) ﬁ Indx + %
(e) (2z — 1) sin 6z + 6(2* — z) cos 6 (f) —=% (tan% — cos %) + = (sec2 £ +sin

a) cos?f — sin® 0 (b) 2 cos 2t tan 5t + 5 sin 2t sec? 5t

c) coszIndz + S22 (d) —Le==/2 (cos% + sin %)

e) 6¢5 In 6z + % (f) —sinf cos 30 — 3 cosfsin 36
g9) +(In2t + Int¢)

~~N I~ N

Section 5. The quotient rule for differentiation

1 (a) 1422 (b 423 324 (C)—( 5

(1—=2)2 (1—x)2 1+27)2
z—18z2 —6z4
(d) B (o) (3va+1-57) /(Va — o)
2 (a) mcosigsinx (b) (1 _ %hl l’)$_7/3 (C) 2«9tan2ti;22€22€sec2 26
() S(VE-57) (o) st
2 cos 2t sin 5t—5 cos 5t sin 2 —2e~ 2% tanz—e 2T sec? x
3. (a) : SiilQ 5t : . (b) : tan2 x
(C) (cos3m)/cf);r23gl;1xsm3m’ ( ) ;81(144{3))2
Section 6. The chain rule for differentiation
1. (a) 6(4 + 3xz) (b) —1223(1 — z*)? (c) 7(1_2)3
—4/3
(d) () =2 (14 %) (= 1) () 34w — 3)(202 — 30 + 5)2
1 1 4z —223
@ (1-%) 7757 ) w5
2. (a) 2sinf cos b (b) 26 cos 62 (c) cos B cos(sin 9)
—4sec”(3 — 4z e) —25cos* b5z sin bz 3sinz
(d) —4sec?(3 — 4x) (e) —25cos*5zsin 5 (f)i’s;x
g) (=1 —=6¢%t)cos(2—-1¢—3t
1—-6 2 3t2
3. (a)—2y exp(—y?) (b) —3sin 3z exp(cos 3z) (c) —3e3 sin(e?)
. =4 cotdx e) = cos(lndx ete
d) {55 = 4cotd ; cos(In4 f) &5
( ) 3e3t+95in 3t
g 2v/e3t—3 cos 3t
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Section 7. Differentiation of functions defined implicitly

2 7ey
1. (a) ﬁ (b) Qy%_l (C) ey+1262y (d) 1+e—¥
2. (@ ) RE Oomr Wamm @G-/ (e-3)
3(z—y)?
() e

Section 8. Differentiation of functions defined parametrically

1. (a) —tant (b) 32£ (c) S22 (d) &2

t241 2e2t 41 1+t

2 (a) 3 (b) _ sin2t

sec? 2t

Section 9. Miscellaneous differentiation exercises

1. (a) 322 tan 4z + 423 sec? 4x (b) 12 tan? 4t sec? 4t (c) 12 exp(3 tan4x) sec? 4x
(d) dranstossec (6) (1 — ) expl — e) () ottt
(9) (2*In2)a? + 27 1y (h) ln:v ) (i) (=3Inb5)5=3*
0) it () =
cosz—cos? z—xsinx e*(zlnz—Inz-1)
2. (a) (1—cos )2 (b) (zInz)?
cos 36 cos 20—2 sin 30 sin an 40—4 sec? 40 sin 36 cos
() (Boos30cos20-2sin30 tjﬁgie 40—4sec? 40 sin 30 cos 20
3. (a) —etIn(e! +1) + t+1 (b) 6sin 360 cos® 30 — 12 sin® 36 cos® 30
(c) % (d) (cos@ — O sinb) exp(6 cos )
(e) 3(zInz)*(1 +1Inx) (f) (1+i)2 exp (Hi)
(9) iy
cos’ zsinx — sec
4. (a)deedne(b) L(p—g?) ¥ (1-2z)exp ((x —2®)V!) (o) - e%an}{fg
5. (a) W (b) (2 + 42?) exp(z?) (c) 6sinf cos?d — 3sin® 0

1’6 ZE2
(d) (133234)6 + (14,814)5

2

6. (a) —2 cot 2z cosec 2x (b) 2sec?ftand (c) —gopees
(d) —2cosec 2 cot* § — 3cosectfcot?  (e) secx (f) sec?(sec ) sec 6 tan 6
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Section 10. Integrals of basic functions

L @i BZ4a (©E4e
(f) 2212 + ¢, (9) % + ¢, (h) _# +e,
(k) same as (f) (I) =222 4+¢ (m) -1 +¢

2. (a) tsinbz+c¢, (b)) —fcos2z+c

(e) In|z|+c (f) 3e* +¢ (9) —1e*+c  (h)3e"P+c
(i) 2e%5% + ¢ () —e®+c (k) same as (g) () —%sin(—7z) + ¢ =LsinTz +c
Section 11. Linearity in integration
Lo @5t (b) -5 +c, (c) 27 + 32 4 e (d) 2=+ e,
(e)%—le/Qch (f)%3+ln\:c|+c (g)%—%—i—c (h) — + ¢
(i) 11z + ¢ () 110;)?;7 + (k) 2% —2In|z| + ¢ () 2= —1lx +c
2. (a)3i+—51n4x+c (b) 4z — % cos 3z + ¢ (C)%Q—QCOS%JFC
(d) 4e” +2sin§ + ¢ (e) 5 (f) —3cp2z _ 2eosdr 4 ¢
(9) Infz| +c (h) —z —4In|z|+¢ (i)x+%2+x_;+c
(J) sInlz| =7z + ¢ (k) sin 3z + ¢ () & — 622 + ¢
3. @2t 4tre O F-F-2rke () ES 4
(d)§—215/2—6:c+c (e)%—e“ﬁtc (f) S —e +c
(9) z+4In|z| +c (h) 2 +a+c
Section 12. Evaluating definite integrals
1 (a) (b) =839 (¢) 2v/B+3¥/16— 1T (d) 3L(1 — /16) (e) 168
CERNCERENNCY DU A e
()5 —Jd5+1 (1) ! — e
3 33 2 3 71 14 71 33
2 [rwae=2 [f@e=2 [f@dr=S Then S+ = 2
1 8 —1
3. [ @ =5 [ f@)de= -2
-1 3 1
@0k
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(c) —2cos sz +c

(d) 2= +
() 55 +ec (U
(n) —3”‘“;/3 +c

0.7
o7 te

(d) 2sin g +c

(e) same as (c),



Section 13. Integration by parts

1. (a) xe” —e* + ¢ (b) 5cosx + brsinx + ¢ (c) sinx — xcosx + ¢
(d) *cos2z + txsin2z+c¢ (e) 32%°lnz — a2 +¢ (f) 8sin% —4zcos £ + ¢
2. (@5 -1 (b) 4e?
(c) —Le™2 — 2¢? (d) 2In3 —2
3. (a) e®(2? =22+ 2) + ¢ (b) 5z?sinz — 10sinx + 10z cosz + ¢
(c) 22?(lnz)? — 12’ Inz+ j22 + ¢ (d) —e™(2® + 322 + 62 +6) + ¢
(e) —227 cos(3 )+ 16 cos(3 ) + 8z sin(3 z) + ¢
4. (a) = —2 (b) 7e — 14 (c) —2e72 + 1¢?
5. rlnz —x+c.

Section 14. Integration by substitution

1. (a) sin(z —3) + ¢ (b) —3 cos(2z +4) + ¢ (c) Lsin(wt+ ) +c
(d) L& 7 4 ¢ (e) £ (322 +8)4 + () UsBP2 | (o 3P?
(9) —5515 ¢ (h) i + ¢ (i) —te* +c
() — COS L+ (k) (1 +tH)Y2 +c (1) 2252 — Ihnf2z + 1|+ ¢
2(x — 3)%/2
2. (a) (x 3) +6vVr—3+c
(x—=5)7 8(x—5)% 64(x —5)°
b
() 3 5 ¢
1 102
which can be expanded to ?x — §x6+ ?x +552% — %x — 37522 + 5625 + ¢
3. (a) —1v2 (b) %7
(c) 2 (d) 552
(e) 3 (f) 2
(9) 2(e¥? —¢?)
5. (@ Injz+1+c (b)Injz=3]+¢c (c)n|3z+4|+c (d) In|2z+ 1] +c.
6. (@) sInjz? +1|4+c¢ (b) —3In[l+cos30[+c (c) 2In|l+e|+c
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Section 15. Integration using partial fractions

YIn|x| +In|x+ 1] +¢
A)dln|x+2|+Injz+ 1| +c¢

(a b) 2In|x + 1|+ In|z| + ¢
(

(e) TIn|x +9|+2Injz+ 1|+ ¢

(

(

d)2ln|z— 1] —3Injz —2|+¢
f) Tln|z+ 9| —2In|z + 1| + ¢
h) 8In |z + 5|+ 7In|z + 2|+ ¢

~N /N /N

g) 2Injz+2|—2In|z—2|+¢
i) sln|s— 1| —4sIn|s+ 1|+ ¢

2. (2) 9In3 — 17In2 (b) 2In3 +3In2
(c) —3In3 —In2

3. (@) Injz —1| - L +¢ (b) 4lnjz+1| = 25 +¢
(c) Thn|z = 3|+ Z +c¢

4. (@) —In3+2m2+ 2 (b) 2In5—4In2+ 4
(c) ¥ —8In3

5. In|z+2|+Injz+ 1] — m—HJrc

0. In|z+4|4+2In|z —3|+2In|z — 2| +c.
7. In|z — 3|+ 3In[2z+ 1| — 2In|z + 1| + c.

8. t2? =3z —In|z + 1|+ 8In|z + 2| +c.

9. 2x—1n|x+1|———9ln|x+2|+c
10. 2 —z+4hn|z|+3n2c+ 1| + ¢

Section 16. Integration using trigonometrical identities

1. (a) —3cos3z+c¢ (b) gsin8z+c¢ (c) —scosTt+c (d) 2 4 ¢
z sin 2z

2. 5 4 t¢C

3. —1cos2t + c.

4. (a) =75 cos 10t — ; cos 4t + ¢ (b) 2sinbz + 15 sin 13z + ¢
(c) 5 sin6t — 7= sin 8t + ¢

5. tant — t + c.
0. 3t+—51n2t+ sm4t+c

7. —cost+ cos®t — 5cos t+ c.
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Section 17. Miscellaneous integration exercises

1. (93:5;42)6 + c.

2. 2/t —2In |Vt + 1| +c. (Hint: let u = v+ 1))
3. it — 5t° +c

4. 10432 _ 3L 4 2t 4 c.

5. %sin?)t—?)cost—i-c.

6. ﬁe$ln“+c:%+c.

7 3+l (% _ %) +e

8. In|z+2|+Injz—2|+ec

9. %tan20+c.

10. 2/3.

11. %arcsinij%\/*—xQ—l—c.

12. e”(sin 2z — 2cos2x) + ¢

13. 3In|z| —2Injz — 1| —In|z + 3| + c.
14. s2? 4+ 20 —2In|z 4+ 3|+ Injz — 3| +c.
15. 162 20" — 42® + 622 — 6z + 3] + c.
16. ¥

www.mathcentre.ac.uk 45

© mathcentre 2003




Acknowledgements

The materials in A Calculus Refresher were prepared by Dr Tony Croft and Dr
Anthony Kay, both at the Department of Mathematical Sciences, Loughborough Uni-
versity.

The authors would like to express their appreciation to Dr Joe Kyle and Jonathan De
Souza for their many helpful corrections and suggestions.

This edition has been published by mathcentre in March 2003. Users are invited to
send any suggestions for improvement to enquiries@mathcentre.ac.uk.

Departments may wish to customise the latex source code of this booklet.

Further details from:

mathcentre

c/o Mathematics Education Centre
Loughborough University

LE11 3TU

email:  enquiries@mathcentre.ac.uk
tel: 01509 227465
www:  http://www.mathcentre.ac.uk

www.mathcentre.ac.uk 46 (© mathcentre 2003



