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Truth tables

not P Pand @
Pl~P PlQ|PAQ
T F T|T T
Fl T T|F| F
| T F
F|F F
PorQ@ P xor @
P|lQ|PVQ P| Q| PvQ
T|T T T\|T r
T|F T T|F T
P\ T T | T T
F|F F F|F F
if P then @ P if and only if @
P|lQ|P=Q P|Q|P=Q
T|T T T\|T T
T|F r T|F r
P\ T T F\|T F
F|F T F|F T

Propositions and predicates: A proposition, P, is
a statement that has a truth value, i.e. it is either
true (T) or false (F'). Thus, for example, the state-
ment P: the earth is flat is a proposition with truth
value F'. A compound proposition is one constructed
from elementary propositions and logical operators,
eg. PA(QV R)is a compound proposition con-
structed from the propositions P, @ and R.

A compound proposition which is always true is called
a tautology. A compound proposition which is always
false is called a contradiction. Two compound propo-
sitions which are constructed from the same set of el-
ementary propositions are said to be logically equiv-
alent if they have identical truth tables.

A predicate, P(x), is a statement, the truth value of
which depends on the value assigned to the variable
x. Thus, for example P(z) : 2% —3 > 0 is a predicate.

Quantifiers: V, for all (sometimes called the universal
quantifier). 3, there exists (sometimes called the ex-
istential quantifier). Quantifiers convert predicates
to propositions. The proposition 3z P(x) is true if
there exists at least one value of « for which P(x) is
true. The proposition Vz P(z) is true if P(z) is true
for every value of x.
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Algorithms
Suppose we have two positive integers m, n, with m greater than
n. When m is divided by n, the result is a whole number part
plus a remainder. For example given 16 and 5, then % = 3,
remainder 1. The number 3 is called the quotient, 1 is called the
remainder, and 5 is called the divisor.
Algorithm to convert decimal to binary
Step 1: Divide the number by 2. Retain the quotient and record
the remainder.
Step 2: If the quotient in Step 1 is 0 then stop.
Step 3: If the quotient in Step 1 is not 0 go to Step 1 using the
quotient as the number which is divided by 2.
The binary representation of the initial decimal number is given
by the remainders in the reverse order to that in which they were
obtained.
Euclid’s Algorithm for the Greatest Common Divisor of two pos-
itive integers a and b, GCD(a, b)
Step 1: Divide the larger of the two integers by the smaller.
Step 2: If the remainder is zero then stop, the GCD(a, b) is the
divisor.
Step 3: If the remainder is not zero then divide the divisor by
the remainder and go to Step 2.
Prim’s Algorithm for the minimum spanning tree in a network
of n vertices.
Step 1: Choose any vertex. Choose the edge of shortest length
incident on this vertex. Call this graph P.
Step 2: Choose the edge (i, j) with the shortest length amongst
all the edges (i, k) where 7 is in P and k is not in P. Add this
edge to P. (If there are multiple edges of the same shortest length
then choose one of them arbitrarily.)
Step 3: If P has n — 1 edges then stop - it is a minimal spanning
tree, otherwise go to Step 2.
Binary Search Algorithm to find an element x in an ordered list
L made up of n elements a1 < a2 < ... < an.
Step 1: Check if z is greater than the middle element of the list
L. If this is true then set this upper half of the list to be the new
search list L. If false set the lower half of the list to be the new
search list.
Step 2: If there is only one element a;, remaining in the list then
stop. If = ar the element is found. If x # a; the element is
not in the list.
Step 3: If there is more than one element in the list then go to
step 1.
Bubble Sort Algorithm to arrange an unordered list of n numbers
ai,az,...an in ascending order.
Step 1: Set counter j = 2.
Step 2: From i =n to j , if a; < a;—1 swap a; and a;—1.
Step 3: Increase counter value j by 1.
Step 4: If j = n stop, the list is sorted, otherwise go to step 2.
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Probability
Events & probabilities:
The intersection of two events A and B is AN B.
The union of A and B is AU B.
Events A and B are mutually exclusive if they cannot both
occur, denoted AN B = () where ( is called the null event.
For any event A, 0 < P(A) < 1.
For two events A and B

P(AUB)=P(A)+ P(B)— P(ANB).
If A and B are mutually exclusive then

P(AUB) = P(A) + P(B).

Equally likely outcomes:
If a complete set of n elementary outcomes are all equally
likely to occur, then the probability of each elementary

outcome is —. If an event A consists of m of these n
n
m
elements, then P(A4) = —.
n

Independent events:
A, B are independent if and only if

P(AN B) = P(A)P(B).

Conditional Probability of A given B:

P(A|B) = % it P(B)#0.
Bayes’ Theorem:
P(B|4) = ZADIEE) (A}@ﬁ (B)

Theorem of Total Probability:

The k events B1, B2, ... By form a partition of the sample
space S if BiUB2UB3...UB, = S and no two of the B;’s
can occur together. Then P(A) = Z P(A|B;)P(B;). In

this case Bayes’ Theorem generalizesj to
P(A|B;)P(B;) .
P(Bi|A) = i1=1,2,...k
B = s rm) )

If B’ is the complement of the event B ,

P(B')=1- P(B)

and
P(A) = P(A|B)P(B) + P(A|B")P(B')

This is a special case of the theorem of total probability.
The complement of the event B is commonly denoted B.
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Matrices and Determinants

a b

The 2 X 2 matrix A = <c > has determinant

d
a b
|A] = =ad — be
c d
a1 aiz a3
The 3x 3 matrix A = | as1 a22 a23 | has determinant
asy az2 ass
az2 a23 as1 Q23 as1 a2z
|A| = ann — a2 + ais
as2 ass asi  ass a asz

The inverse of a 2 x 2 matrix

_(a b 1 1 d b
IfA= (c d) then A7 = wd—be <—c a >
provided that ad — bc # 0.

Matrix multiplication: for 2 x 2 matrices

a b a v\ _ (ac+bB8 ay+bs
c d B 6) \Nca+dB cy+ds

Remember that AB # BA except in special cases.

Binary Relations
A binary relation, R, from set A to set B is a subset of
the Cartesian Product, A x B. If (a,b) € R we write aRb.
A binary relation on a set A is a subset of A x A.
For a relation R on a set A:
R is reflexive when aRa Ya € A.
R is antireflexive when aRb = a # b, a,b € A.
R is symmetric when aRb —> bRa, a,b € A.
R is antisymmetric when aRb and bRa = a = b, a,b € A.
R is transitive when aRb and bRc = aRc, a,b,c € A.
An equivalence relation is reflexive, symmetric and tran-
sitive.
A partial order is reflexive, antisymmetric and transitive.

Functions
A binary relation, f, on A X B is a function from A to B,
written f : A — B, if for every a € A there is one and
only one b € B such that (a,b) € f. We write b = f(a).
We call A the domain of f and B the codomain of f.
The range of f is denoted by f(A) where f(A) = {f(a) :
a€ A}
A function f : A — B is one-to—one or injective if f(a1) =
f(az) — a1 = az.
A function f : A — B is onto or surjective if for every
b € B there exists an a € A so that b = f(a).
A function is bijective if it is both injective and surjective.
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Complexity Functions

A function f(n) = O(g(n)) if there exists a positive real
number ¢ such that |f(n)| < c|g(n)| for sufficiently large
n. More informally, we say that f(n) = O(g(n)) if f(n)
grows no faster than g(n) does with increasing n. Writ-
ing f(n) < g(n) indicates that g(n) has greater order than
f(n) and hence grows more quickly. The hierarchy of com-
mon functions is

1 <log(n) <n <n® <" <nl<n"

where ¢, k > 1. . .
Combinatorics

The number of ways of selecting k objects out of a total of
n where the order of selection is important is the number

of permutations: n!

(n—k)!

The number of ways in which k£ objects can be selected
from n when the order of selection is not important is the
number of combinations:

an —

nPk:

n!
(n —k)!k!
where 0l =1,n!=1-2-3-4-...-(n—1) - n.

"Cr ="Ch—s

n+le :an +TLC]€_1
"Co+"CiL+..."Cpr_1 +7C,, = 27
(1+2)" ="Co+"Crz+"Coz’ +... +"Cr1z" " +"Cra”

Thus the value of "C}, is given by the kth entry in the nth
row of Pascal’s triangle: 1

where elements are generated as the sum of the two ad-
jacent elements in the preceding line, the top row is des-
ignated row 0, and the left-most entry is labelled 0. For
example, the 6 in the final row above is in row 4 and is
entry 2, since both row and entry counting start at 0, i.e.
1Cy = 6.



