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The statistical problem solving cycle

Data are numbers in context and the goal of statistics
is to get information from those data, usually through
problem solving. A procedure or paradigm for statistical
problem solving and scientific enquiry is illustrated in the
diagram. The dotted line means that, following discus-
sion, the problem may need to be re-formulated and at
least one more iteration completed.

specify the

__-->"| problemand plan \

interpret
and discuss

\

collect data

i

process, represent
and analyse data

Descriptive statistics
Given a sample of n observations, x1, x2, . .
the sample mean to be

., Tn, we define

T1tx2+ ...+ 2Tp :in
n n

T =

and the corrected sum of squares by

Saz = Z(zZ —z)’= Zl’? —nz’ = Zl’? — %

Sza . . -
—*% is sometimes called the mean squared deviation. An
n

unbiased estimator of the population variance, 02, is 52 =

(n—1)
ing 52, the divisor (n —1) is called the degrees of freedom
(df). Note that s is also sometimes written & .

If the sample data are ordered from smallest to largest
then the:

minimum (Min) is the smallest value;

lower quartile (LQ) is the 1 (n + 1)-th value;

median (Med) is the middle [or the % (n + 1) -th] value;
upper quartile (UQ) is the 2(n 4 1)-th value;

maximum (Max) is the largest value.

These five values constitute a five-number summary of
the data. They can be represented diagrammatically by a
box-and-whisker plot, commonly called a boxplot.

. The sample standard deviation is s. In calculat-
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Grouped Frequency Data
If the data are given in the form of a grouped frequency
distribution where we have f; observations in an interval
whose mid-point is z; then, if Z fi=n

Do fiwe Y0 fims

T = =

> fi n
See = 3 filwi =) = 3 fia? - (L2

Events & probabilities
The intersection of two events A and B is ANB. The union
of A and B is AU B. A and B are mutually exclusive if
they cannot both occur, denoted A N B = () where 0 is
called the null event. For an event A, 0 < P(A) < 1. For
two events A and B

P(AUB) =P(A)+ P(B)— P(ANB).
If A and B are mutually exclusive then

P(AUB) = P(A) + P(B).

Equally likely outcomes
If a complete set of n elementary outcomes are all equally
likely to occur, then the probability of each elementary out-
come is % If an event A consists of m of these n elements,
then P(A4) = 2.
Independent events
A, B are independent if and only if P(ANB) = P(A)P(B).
Conditional Probability of A given B:

(AN B)

and

P(A|B) = PP(B) if P(B)#0.
Bayes’ Theorem: P(B|A) = %

Theorem of Total Probability

The k events Bi1, Ba, ... By form a partition of the sample
space S if BiUB2UBs...UBy; = S and no two of the B;’s
can occur together. Then P(A) = ZP(A|BZ~)P(BZ~). In

this case Bayes’ Theorem generalizes to
P(A|Bi)P(B;) ,
P(B;|A) S P(AIB,)P(B;) (i=1,2,...k)
If B’ is the complement of the event B , P(B') = 1— P(B)
and P(A) = P(A|B)P(B)+P(A|B")P(B’) is a special case
of the theorem of total probability. The complement of the
event B is commonly denoted B.
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Permutations and combinations
The number of ways of selecting r objects out of a total of

n, where the order of selection is important, is the number

n!

of permutations: "P, = The number of ways in

(n—r)!"

which r objects can be selected from n when the order of

selection is not important is the number of combinations:

n n n! "

C, = = ———. "C, must equal 1, so 0! =1 and
r rl(n —r)!

"Co =1; "Cyr ="Ch_r. Also
"Co+"Cr+..."Cn1 +"Cr =2

1
. et Cr =" Cr +n r—1
Random variables

Data arise from observations on variables that are mea-
sured on different scales. A nominalscale is used for named
categories (e.g. race, gender) and an ordinal scale for data
that can be ranked (e.g. attitudes, position) - no arithmetic
operations are valid with either. /Interval scale measure-
ments can be added and subtracted only (e.g. tempera-
ture), but with ratio scale measurements (e.g. age, weight)
multiplication and division can be used meaningfully as
well. Generally, random variables are either discrete or
continuous. Note: in reality, all data are discrete because
the accuracy of measuring is always limited.

A discrete random variable X can take one of the values
Z1,%2,..., , the probabilities p; = P(X = x;) must satisfy
p; > 0 and p1 + p2 + ... = 1. The pairs (z;,p;) form the
probability mass function (pmf) of X.

A continuous random variable X takes values x from a con-

tinuous set of possible values. It has a probability density
function (pdf) f(z) that satisfies f(z) > 0 and [ f(z)dz =

b
1, with P(a < z <b) = / f(z)dz.
Expected values @
The expected value of a function H(X) of a random vari-
able X is defined as

| Y H(zi)P(X =), X discrete.
BHX)] = { J H(z)f(z)dz, X continuous.

Expectation is linear in that the expectation of a linear
combination of functions is the same linear combination of
expectations. For example,

. E[X? +logX + 1] = E[X?] + EllogX] + 1
ut

EllogX] # logE[X] and E[1/X] # 1/E[X]
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Variance
The variance of a random variable is defined as

Var(X) = E[(X — p)?] = BIX?] - 4
Properties:
Var(X) > 0 and is equal to 0 only if X is a constant.
Var(aX + b) = a®Var(X), where a and b are constants.
Moment generating functions
The moment generating function (mgf) of a random vari-
able is defined as

Mx (t) = E[exp(tX)] if this exists.
E[X*] can be evaluated as the:

-
(i) coeflicient of % in the power expansion of Mx(t).

(ii) r-th derivative of Mx (t) evaluated at ¢ = 0.
Measures of location

The mean or expectation of the random variable X is
E[X], the long-run average of realisations of X. The mode
is where the pmf or pdf achieves a maximum (if it does
so). For a random variable, X, the median is such that
P(X < median) = 3, so that 50% of values of X occur
above and 50% below the median.

Percentiles

zp is the 100-p-th percentile of a random variable X if
P(X < zp) = p. For example, the 5th percentile, xq.05,
has 5% of the values smaller than or equal to it. The
median is the 50-th percentile, the lower quartile is the
25th percentile, the upper quartile is the 75th percentile.
Measures of dispersion

The inter-quartile range is defined to be the difference
between the upper and lower quartiles, UQ - LQ. The
standard deviation is defined as the square root of the
variance, o = /Var(X), and is in the same units as the
random variable X.

Cumulative Distribution Function
This is defined as a function of any real value ¢ by

F(t)=P(X <t
If X is a continuous random variable, F' is a continuous
function of ¢; if X is discrete, then F'is a step function.
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The Central Limit Theorem

If a random sample of size n is taken from any distribution
with mean p and variance o2, the sampling distribution
of the mean will be approximately ~ N(u,o?/n), where ~
means ‘is distributed as’. The larger n is, the better the
approximation.

The standard normal and Student’s ¢ distributions

[}
Dotted line - N(0,1)/]
distribution

Continuous line -
t distribution with
3 degrees of
freedom
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] \
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If a random variable X ~ N(u,0?), z = (X — p)/o ~
N(0, 1), the standard normal distribution. The t distribution
with (n — 1) degrees of freedom is used in place of z for
small samples size n from normal populations when o2 is
unknown. As n increases the distribution of ¢ converges
to N(0,1). These distributions are used, e.g., for inference
about means, differences between means and in regression.

Fisher’s F distribution

J(F)

The E

1020 distribution

T T T 1 F
0 1 2 3 4

If X; ~ X,Zjl and Xo ~ X:2/2 are independent random vari-
ables then

X1/1/1 -~
XQ/VQ

the F distribution with (v1,v2) degrees of freedom. This
distribution is used, for example, for inference about the
ratio of two variances, in Analysis of Variance (ANOVA)
and in simple and multiple linear regression.
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